ABSTRACT A primary aim of the N uclear Spectroscopic T elescope Array (NuSTAR) mission is to find and characterize heavily obscured Active Galactic Nuclei (AGNs). Based on mid-infrared photometry from the Wide-Field Infrared Survey Explorer (WISE ) and optical photometry from the Sloan Digital Sky Surveys, we have selected a large population of luminous obscured AGN (i.e., "obscured quasars"). Here we report NuSTAR observations of four WISE -selected heavily obscured quasars for which we have optical spectroscopy from the Southern African Large Telescope and W. M. Keck Observatory. Optical diagnostics confirm that all four targets are AGNs. With NuSTAR hard X-ray observations, three of the four objects are undetected, while the fourth has a marginal detection. We confirm that these objects have observed hard X-ray (10-40 keV) luminosities at or below ∼ 10 43 erg s −1 . We compare X-ray and IR luminosities to obtain estimates of the hydrogen column densities (N H ) based on the suppression of the hard X-ray emission. We estimate N H of these quasars to be at or larger than 10 25 cm −2 , confirming that WISE and optical selection can identify very heavily obscured quasars that may be missed in X-ray surveys, and do not contribute significantly to the cosmic X-ray background. From the optical Balmer decrements, we found that our three extreme obscured targets lie in highly reddened host environments. This galactic extinction is not adequate to explain the more obscured AGN, but it may imply a different scale of obscuration in the galaxy.
INTRODUCTION
Quasars are particularly luminous examples of Active Galactic Nuclei (AGNs). Unobscured (type 1) quasars have been well-studied ever since they were discovered over 50 years ago (Hazard et al. 1963; Schmidt 1963 ). Thanks to their high luminosities, unobscured quasars dominate over host galaxy light at most wavelengths, making them relatively easy to observe and study. How-ever, it is now known that half or more of quasars are obscured by gas and dust (e.g., Hickox et al. 2007; Assef et al. 2013; Mateos et al. 2017 ). The existence of many obscured (type 2) quasars has direct implications for the growth history of supermassive black holes (SMBH) in galactic centers (e.g., Alexander & Hickox 2012; Hickox & Alexander 2018) . Type 2 quasars also have implications for the origin of the cosmic X-ray background (CXB; Gilli et al. 2007a; Treister et al. 2009a; Ueda et al. 2014; Aird et al. 2015) and statistics of black hole growth across cosmic time. Some recent progress has suggested a large population of Compton-thick (CT) AGN with intrinsic column densities of N H > 1.5 × 10 24 cm −2 (e.g., Lansbury et al. 2015; Ricci et al. 2017a; Lanzuisi et al. 2018; Marchesi et al. 2018) , as well as some contribution to the models of the CXB spectrum (e.g., Comastri et al. 1995; Gilli et al. 2007b; Treister et al. 2009b; Draper & Ballantyne 2010; Ueda et al. 2014) ; however, this very obscuration makes the CT AGNs difficult to find and study. Therefore identifying these heavily obscured quasars becomes important for a general understanding of black hole evolution (e.g., Gandhi et al. 2006) .
Mid-infrared (IR) observations, in particular with the Spitzer Space T elescope and Wide-Field Infrared Survey Explorer (WISE ), and X-ray surveys have now enabled us to detect significant samples of obscured quasars, as well as optical spectroscopy and photometry (e.g., Lacy et al. 2004; Stern et al. 2005; Hickox et al. 2007; Stern et al. 2012; Assef et al. 2013) . However, many properties of obscured quasars still remain unknown. For example, CT sources comprise a large fraction of lower-luminosity AGNs (e.g., Goulding et al. 2012 ; -Spectral energy distributions (SEDs; lef t) and calibrated optical spectra from Keck (red lines) and SALT (black lines) in black solid lines respectively (right). The SALT spectra are calibrated on the basis of Keck spectra by the level of the continuum and some bright emission lines (e.g., [ O II] and [Ne V]). The SEDs and spectra indicate that all of our targets are AGN at moderate redshift, with moderate quasar-like luminosities (L bol ∼ 10 45 -10 46 erg s −1 ) derived from their infrared spectra ). In their SEDs, the blue line is galaxy template fitting and the red line is AGN fitting. The SEDs indicates significant nuclear dust extinction of A V > 20. Optical spectra from Keck show strong [O III] emission and large Balmer decrements, indicating relatively large obscuration on galactic scale. Ricci et al. 2017b) . While the CT fraction for more luminous quasars has important implications for their contribution to the CXB and galaxy evolution, few heavily obscured luminous quasars with intrinsic column densities over 10 24 cm −2 have been confirmed (e.g., Alexander et al. 2013; Gandhi et al. 2014) .
X-ray observations of these heavily obscured quasars are challenging; for example, the photoelectric absorption cut-off (e.g., at around 10 keV for a z = 0.2 AGN absorbed by a column density of about 10 24 cm −2 ) dramatically reduces the flux of soft X-rays. This may bias the measured spectral parameters, such as the intrinsic power law photon index Γ or N H , if fitting spectra with low or a limited energy range. Also, CT levels of absorption deeply suppress the primary continuum, revealing strong Fe Kα fluorescent line emission at 6.4 keV and a Compton reflection 'hump' at ∼ 20-30 keV (e.g., George & Fabian 1991) .
Due to the limitations of observations, we have previously obtained only weak constraints on the distribution of the obscuring column density N H of luminous quasars. For less powerful AGNs (i.e., Seyfert galaxies), the classic 'unified model' is largely successful in explaining obscuration by varying viewing angles of the 'torus' (Antonucci 1993; Urry & Padovani 1995; Netzer 2015) . However, it remains unclear whether this picture also holds for powerful quasars. The observed dependence of AGN obscuration on observed luminosity suggests a departure from the simplest unified model (e.g., Ueda et al. 2003; Simpson 2005; Treister et al. 2010; Iwasawa et al. 2012; Buchner et al. 2015; Assef et al. 2015) , and implicates and raises the possibility that a phase of heavy obscuration is important to process in galaxy evolution. The most powerful AGN may also be obscured by starbursts (e.g., Davies et al. 2007; Ballantyne 2008) or larger-scale gas clouds driven to the center of the galaxy by violent mergers or instabilities (e.g., Di Matteo et al. 2005; Hopkins et al. 2009; Chen et al. 2015; Brusa et al. 2015; DiPompeo et al. 2018) . Different quasar fueling mechanisms can produce different distributions of N H and CT fractions (e.g., Draper & Ballantyne 2012; Gohil & Ballantyne 2018a) .
Due to recent deeper observations in the hard X-ray band (> 10 keV) with the Nuclear Spectroscopic Telescope Array (NuSTAR; Harrison et al. 2013) , we now can more accurately constrain the physical properties of obscured quasars (e.g., Lansbury et al. 2017) . As the first orbiting observatory to focus high-energy X-rays, NuSTAR improves sensitivity by two orders of magnitude, as well as over an order of magnitude improvement in angular resolution relative to the previous generation of hard X-ray (> 10 keV) observatories.
Based on mid-IR photometry from WISE and optical photometry from the Sloan Digital Sky Survey (SDSS), we have selected 40 obscured quasars (e.g., Hainline et al. 2014; DiPompeo et al. 2015a,b) . Here, we use NuSTAR to probe the X-ray obscuration in a sample of these quasars at z < 0.5. We report Keck and NuSTAR observations of four WISE -selected heavily obscured quasars, for which Hainline et al. (2014) presented optical spectroscopy from the Southern African Large Telescope (SALT). The paper is organized as follows: Section 2 details the sample selection; Section 3 describes the Keck -AGN luminosity at 8 µm derived from SED fitting versus spectroscopic redshift for selected samples. We show the SDSS Type 2 quasar sample from Reyes et al. (2008) in blue dots. The parent sample (Group 1 in Hainline et al. 2014 ) is shown as red dots and our four targets are shown as red dimonds. Two of our targets are AGNs with higher luminosities compared to those with similar redshifts. data analysis; Section 4 describes the NuSTAR data results. The results are discussed and summarized in Section 5. Throughout the paper, we assume a ΛCDM cosmology with H o = 69.6 km s −1 Mpc −1 , Ω M = 0.286 and Ω Λ = 0.714 (Wright 2006 ).
OBSCURED QUASAR SAMPLE
The parent population of 40 galaxies in total is drawn from Hainline et al. (2014) , which were divided into two groups. Both groups are bright in the WISE 22 µm band (W4 < 7; Vega) and optical (20 < g < 22) and use two slightly different WISE selection criteria for identifying obscured quasars. Using both WISE All-Sky and AllWISE photometry, these were selected to have mid-IR and optical colors characteristic of obscured quasars (Hickox et al. 2007; Stern et al. 2012 ). Objects of Group 1 are in the range 40
• with W 1 − W 2 > 0.7 and 7 W 4 6.5, while those of Group 2 are −2 • < DEC < 0 • with W 1 − W 2 > 0.8, W 4 7.0, and r AB − W 2 AB > 3.1. In the parent population, the density on the sky is ∼ 0.07 deg −2 . The luminosities of these WISE -selected objects lie in a range of log (L 8 µm /ergs −1 ) = 44.0 − 45.0, with an average (median) of log (L 8 µm /ergs −1 ) = 44.9(44.8), while redshift has an average of z = 0.35, with z < 0.67.
The photometric criteria used in the parent population DiPompeo et al. 2015b ) are relatively simple, and these sources are representative of large-scale, purely photometric statistical samples used, for example, for clustering studies to determine dark matter halo masses (Geach et al. 2013; Donoso et al. 2014; DiPompeo et al. 2014 DiPompeo et al. , 2015c DiPompeo et al. , 2017 . The SALT optical spectroscopy has confirmed the presence of 40 AGN in the obscured quasar candidates observed in our program thus far Hviding et al. 2018) , building on the success of an extensive spectroscopic survey of Spitzer -selected obscured quasar candidates (Lacy et al. 2013) . Our SALT quasars are at relatively low redshift (z < 0.5) and their infrared apectral energy distributions (SEDs) indicate moderate quasar luminosities (L bol ∼ 10 45 -10 46 erg s −1 ). These targets are generally considered as typical obscured quasars, however their gas -Optical excitation diagnostic (BPT) diagram to separate AGN from star-forming galaxies using the fluxes from the Keck spectra. The solid blue curve is the theoretical boundary for the region occupied by starburst derived by the maximum starburst model from Kewley et al. (2001) . The dashed line is the empirical SF line from Kauffmann et al. (2003) . The dot-dashed blue line is the empirical Seyfert-LINER separation from Schawinski et al. (2007) . Red dots mark our targets. All of our targets lie in the AGN regime. For J1151-0046, Hβ line was not measured in the Keck spectra because of falling in a gap between the blue and red CCD. Therefore we use calibrated SALT flux for this line instead.
obscuring columns and contributions to the CXB remain unexplored due to a lack of sensitive high-energy X-ray observations.
In this study, we have targeted four objects from Group 1 for which fits to the latest SEDs done in this work indicate significant nuclear dust extinction, A V > 20. These four targets J133331.15 − 012653.3, J130500.31 + 005422.1, J143459.27 − 014432.8 and J115158.63 − 004641.2 are broadly representative of the full Hainline et al. (2014) sample, but with an emphasis on the most heavily dust-reddened objects to maximize the likelihood of identifying Compton-thick sources. Examining SDSS images of these four selected targets, we found that J115158.63 − 004641.2 is a late-stage merger, while the remaining three are isolated galaxies. In our latest SED fitting, for simplicity we modeled the extinction as a screen along the line of sight. To check that this is at least a broadly realistic representation of the AGN emission, we compared to other more sophisticated torus radiative transfer models (e.g., Silva et al. 2004; Siebenmorgen et al. 2015) . We find that the broad shapes of our obscured AGN components are consistent with the output from these models for reasonable torus parameters, and with a similar dependence on optical depth. The SALT spectra in Figure 1 have been calibrated on the basis of Keck spectra by the level of the continuum and some bright emission lines (e.g., [O II] and [Ne V]). The optical spectra indicate that all the targets are AGN at z < 0.5, with moderate quasar-like luminosities (L bol ∼ 10 45 -10 46 erg s −1 ) according to the quasar luminosity function (e.g., Ueda et al. 2003) , derived from their infrared SEDs . Since the SALT spectra of these targets do not cover Hydrogen lines, Hainline et al. (2014) TBT disentangles AGN from star-forming galaxies and confirms that all our four targets are AGNs (Trouille et al. 2011) . Most of our targets clearly lie in the upper right area, which is the high-excitation part of the diagram and well into AGN regime.
Using the latest multi-component AGN and galaxy templates fit to the SEDs shown in Figure 1 , we determined the intrinsic unobscured luminosity of the AGN and the level of dust extinction. We have tried different template combinations and the systematic errors are small (∼ 0.1 dex). These SED templates are the average results of the observations and are representative of the AGN population ). The AGN templates include Assef type1 AGN template (Assef et al. 2008) and Richards et al. (2006) comparison template. Our selection of galaxy templates includes Assef elliptical template, Assef spiral template, Kirkpatrick et al. (2015) star-forming galaxy template, and Assef irregular template. Compared to the SED fittings to the same targets in Hainline et al. (2014) , here we adopt more types of the latest AGN and host galaxy templates and choose the best fits from these different combinations. This provides SED fitting that is less model-dependent and can be more easily compared to forthcoming work from our group (Carroll et al. in prep) . From the best SED fits shown in Figure 1 , we obtained monochromatic intrinsic (unobscured and host corrected) infrared luminosities (νL ν ) at rest frame 6 µm and 8 µm for comparison to different results in the literature, assuming that the mid-IR provides a reliable tracer of the intrinsic AGN luminosity.
Here we follow the strategies of Stern et al. (2014) and Lansbury et al. (2014 Lansbury et al. ( , 2015 , applied to our new WISE -selected obscured quasars. NuSTAR has previously targeted specific samples of X-ray faint quasars selected through multiple techniques: luminous narrowline "Type 2 quasars" at z ∼ 0.5 selected with SDSS (Zakamska et al. 2003; Reyes et al. 2008; Lansbury et al. 2014 Lansbury et al. , 2015 ; extremely luminous obscured objects at z ∼ 2 identified with very red colors in WISE photometry (Eisenhardt et al. 2012; Stern et al. 2014; Ricci et al. 2017b ); and broad absorption-line (BAL) quasars identified through optical spectroscopy (Luo et al. 2013) . The characteristics of these samples vary from one to another, and it is unclear how these targets fit into the full underlying obscured quasar population. Therefore it is important to select more 'typical' quasars, like our four photometrically-selected targets using infrared and optical data from WISE and SDSS (e.g., DiPompeo et al. 2015b; Hainline et al. 2014) .
We consider how our sample compares to the SDSS type-2 quasar sample, which is the basis for the previous estimate of the N H distribution of obscured quasars (Lansbury et al. 2015 W1, W2, W3, signal-to-noise ratio (SNR) > 3.0) presented in Reyes et al. 2008 (see also Zakamska et al. 2003) . The [O III]λ5007 line is one of the indicators suitable for selecting a representative sample of obscured quasars to observe at X-ray energies. Since this emission line is one of the strongest visible in the optical at redshifts of about z < 1, it potentially ensures that the AGN selection has unbiased intrinsic luminosity. Reyes et al. (2008) includes 887 objects covering 10,000 deg −2 . The density on the sky is about 0.08 deg −2 , similar to our parent WISE-selected sample. The sample has an average (median) of log (L 8 µm ) = 44.7(44.3) while the upper limit of redshifts is set to be 0.84 ( z = 0.324, z median = 0.279). Hence the sample in Reyes et al. (2008) and our parent group are comparable. Figure 2 shows that our parent group is generally comparable with the larger sample in Reyes et al. (2008) in redshift and luminosity.
KECK OBSERVATIONS AND RESULTS
Since our SALT observations cover a limited wavelength coverage (∼ 3680-6100Å), we obtained follow-up optical spectra with broader wavelength and higher SNR. The spectra with limiting spectrograph resolution (≈ σ =100 km/s) were obtained during the night of 2017 April 28 (UT) at the W. M. Keck telescope with the Low Resolution Imaging Spectrograph (LRIS; Oke et al. 1995) . The exposure time varies from 300s to 450s.
We adopt the PYSPECKIT software to model for the major emission lines at rest frame 3500-7000Å (e.g.
following the general procedure in Koss et al. (2017) . We first fit steller emission using the penalized PiXel Fitting software (pPXF; Cappellari & Emsellem 2004) and the templates from the Miles Indo-U.S. Catalog (MIUSCAT) library of stellar spectra (Vazdekis et al. 2012 ). The MIUSCAT library of stellar spectra contains ≈ 1200 well-calibrated stars covering the spectral region of 3525-9469Å at a spectral resolution of 2.51Å (full width at half maximum, hereafter as Reyes et al. (2008) , while cyan ones are sources in Lansbury et al. (2014) . Most of our targets lie around 0.8 < E(B − V ) < 1. In contrast, the extinction to the NLR of most QSO2s in previous samples is around 0.3, while our targets clearly show larger E(B − V ). This indicates that our targets are heavily-obscured AGNs with dusty host galaxies. FWHM). These spectra are used to compute with an initial mass function (IMF) slope of 1.3, considering a full range of metallicities (M/H = −2.27 to +0.40) and ages (0.03-14 Gyr). As these templates are observed at higher spectral resolution (FWHM = 2.51Å) than the AGN observations, they are convolved in pPXF to the spectral resolution of each observation before fitting. When fitting the stellar templates all of the prominent, emission lines are masked.
Based on the Keck spectra, we use the BPT ( (Baldwin et al. 1981) , separating AGN from star-forming (SF) galaxies. In Figure 3 , the solid blue curve is the theoretical boundary for the region occupied by starburst derived by the maximum starburst model from Kewley et al. (2001) . The dashed line is the empirical SF line from Kauffmann et al. (2003) , the dot-dashed blue line is the empirical Seyfert-LINER (low ionization nuclear emission line regions) separation from Schawinski et al. Figure 4 . We correct the narrow line ratios (Hα/Hβ), assuming an intrinsic ratio of R = 3.1 and the Cardelli et al. (1989) reddening curve. We use the model presented in Charlot & Fall (2000) to correct the absorbed [O III] luminosities by Balmer decrements and derive the host galactic extinction. Since the error from the fit of the emissions are generally less than 0.1%, the uncertainty of the corrected [O III] flux mostly come from the correction of the reddening curve which is about 0.1 dex (Bosch et al. 2002) . We then apply the same correction to our four targets and SDSS sample in Reyes et al. (2008) . Since both Hα and Hβ emissions are required for this correction, we exclude those in Reyes et al. (2008) without measured Balmer emissions in Figure 4 . After corrections, the [O III] luminosities of our targets are comparable to those of the larger sample in Reyes et al. (2008) , whose mid-IR luminosities are derived from SED fitting as well. However, the correlation in Figure 4 needs to be used with caution since the parameters space may not be valid for hyper-luminous QSOs (e.g., Martocchia et al. 2017; Hainline et al. 2016) or and the scattering is large at lower luminosities (e.g., Ueda et al. 2015) . Figure 5 compares the distribution of the host galactic extinction between our targets determined from the Balmer decrements, the Lansbury et al. (2015) sample and the Reyes et al. (2008) sample. Most of our targets have 0.8 < E(B − V ) < 1, while most of those in other two samples have 0 < E(B − V ) < 0.6. This indicates that, although we only selected our targets based on the extinctions in the nuclei, yet the host galaxies of those are heavily reddened. Therefore our targets are more obscured on larger scales compared to other narrow-line quasar samples (e.g. Reyes et al. 2008; Lansbury et al. 2015) , and these galaxies are among the dustiest galaxies found among typical X-ray selected AGN higher than almost all optically selected narrow line AGN (see Fig.  12 in Koss et al. 2017 for distribution). We will discuss the extinctions of the nuclei in the following section.
We also attempted to obtain the velocity dispersion of our targets with Keck data. For the two most distant AGN, WISE J130500.31+005422.1 and WISE J133331.15-012653.3, the low S/N and relatively weak features prevent a velocity dispersion measurement. In WISE J115158.63-004641.2 and WISE J143459.27-014432.8, both measurements are consistent with being at or below the limiting spectrograph resolution (≈ σ =100 km/s). Further higher spectral resolution measurements are needed for firmer constraints.
NUSTAR OBSERVATIONS AND RESULTS
With NuSTAR observations, we are able to probe obscured quasars in hard X-ray band, to obtain constraints of the absorption by gas. We obtained NuSTAR images in each Focal Plane Module (FPMA and FPMB) of all four targets, the exposure times are listed in Table 2 . To measure their brightness, we define regions of source and background as shown in Figure 6 . We optimised the signal-to-noise ratio by using an aperture radius that encircles ∼ 50% of the energy (29 ; Harrison et al. 2013 ). We chose 4 to 5 background regions around each target that avoid the chip gaps. The radii of the these regions are chosen to be larger than that of the target, and some of them lie on different chips in the NuSTAR FPMs from the target. We subtracted the backgrounds and calculate the net counts and errors of all 8 images in 3 bands (3-8 keV, 8-24 keV, 3-24 keV). The counting errors come from Poisson statistics. Net counts and errors are in Table 3 . We note that instrumental properties vary for different chips on the NuSTAR FPMs, so choosing background regions spanning different chips can, in principle, introduce some systematic uncertainty. However, we find that the surface brightnesses for the different background regions are consistent within Poisson errors, and choosing multiple large background regions allows us to minimize shot noise in estimating the background in the source region. We primarily focus on 3-24 keV because NuSTAR reaches maximum effective area within this energy range and collects photons most efficiently, which is very important for faint targets like ours when there are few photons at higher energies.
Following Lansbury et al. (2015) , we calculated Poisson no-source probability (PB) at 3-24 keV for the four targets (Figure 7 ). We obtained a high PB for three of the four targets. Only the detected target J1434-0144 lies below 3σ probability after combining FPMA and FPMB. For those, we take 3σ as the upper limits determined using the prescription of Kraft et al. (2003) following Lansbury et al. (2015) . We convert the NuSTAR count rate in the 3-24 keV band to luminosity in rest frame 10-40 keV band, assuming a power-law spectrum with Γ = 1.8. By assuming different levels of N H distribution (10 22 -10 25 cm −2 ) and Γ values (1.4-2.2), the conversion of the count rates into fluxes do not show significant differences once errors are taken into account. Therefore we assume a non-absorption case for the X-ray calculations. These are presented in Table 3 .
To study the level of X-ray obscuration in these ob- jects, we first consider the intrinsic relationship between infrared and X-ray defined for unobscured (type 1) AGNs in Chen et al. (2017) . We convert the 2-10 keV energy range used in Chen et al. (2017) into 10-40 keV luminosity again assuming a power-law spectrum with Γ = 1.8. Since we expect the targets to be heavily-obscured, the level of obscuration may reach the limit of models like M yT orus (Murphy & Yaqoob 2009 ), therefore we use BORU S02 model (Baloković et al. 2018) which is able to extend to N H ∼ 10 25.5 cm −2 and determine the level of suppression of X-ray luminosities for column densities in the range between 1 × 10 24 cm −2 and 3.1 × 10 25 cm −2 .
In the overlapping column density range of validity ( N H up to 10 25.5 cm −2 ), we obtain similar results from BORU S02 compared to M Y T orus.
BORU S02 model is a new Monte Carlo code simulating radiative transfer (details will be presented in Baloković et al. in prep) , which considers the interaction of the intrinsic X-ray continuum of AGN with the surrounding medium. The model is applicable to a wide variety of AGNs (Baloković et al. 2018 ). Here we consistently take the photon index as Γ = 1.8 to obtain the relation between X-ray and infrared luminosities with different column densities (Lansbury et al. 2015) . Finally, Lansbury et al. (2015) ; the blue solid line is taken from a relationship of Chen et al. (2017) derived from unabsorption AGN. The blue dashed line is derived with BORU S02 with a column density of 3.1 × 10 24 cm −2 , while the blue dot-dashed line is of 3.1 × 10 25 cm −2 . The low observed hard X-ray luminosities imply very heavy obscuration in all four targets. we choose a redshift of z = 0.3 as the rough average redshift of our four targets. We set the inclination angle θ obs between the line of sight and the symmetry axis of the torus as 60
• as the average value of the area integral of the torus. After obtaining the ratio of Xray to infrared luminosities of all the targets, based on the suppression we estimate the range of column density where N H of our targets fall. We then vary the column density along the line of sight in the range between 1 × 10 24 cm −2 and 3.1 × 10 25 cm −2 which is the upper limit for the models , and derive the relationship between unabsorbed and absorbed luminosity for these column densities. Two representative relations with column densities of 3.1×10 24 cm −2 and 3.1×10 25 cm −2 are shown in Figure 8 . Assuming a uniform density, to reach this level of obscuration, the mass would be unphysically high if distributed over a too large scale. Therefore obscuration is typically found on small scales for extreme column densities. (Hickox & Alexander 2018) From Figure 8 , it is clear that our objects have absorbed hard (10-40 keV) X-ray luminosities at or below ∼ 10 43 erg s −1 , with corresponding gas column densities N H higher than 10 25 cm −2 . We compute the ratios of X-ray to IR luminosities as a proxy for obscuration (e.g. Lansbury et al. 2015) . The statistical error of the infrared luminosity is small enough to be neglected. Based on the observed spread of mid-IR SED shapes for a population of obscured quasars (e.g., Hickox et al. 2017) , we estimate that the systematic error in our derived AGN luminosities due to the choice of SED template is about 0.1 dex. Since most of the X-ray luminosities are upper limits, it is possible that the actual column density value is higher than 10 25 cm −2 . We repeat the same analysis above in different energy bands 3-8 keV and 8-24 keV and reach the same conclusions for the N H estimate. By plotting the X-ray luminosities against the [O III] luminosities in Figure 9 , we show that our targets also have X-ray luminosities well below the relation taken from LaMassa et al. (2010) . This confirms that our targets are heavily-obscured quasars with column densities above 10 25 cm −2 . To be noticed, it is possible that at z < 0.5 about 17% to 40% optical-luminous quasars may have weak intrinsic X-ray luminosities (Luo et al. 2013) , and do not follow the relations shown in Figure 9 . However, since N H values here agree with that derived from Figure 8 , the low X-ray luminosities of our targets are more likely caused by heavy obscuration instead of weak intrinsic emission.
Since the sample of SDSS in Reyes et al. (2008) and our parent group are comparable as discussed in Section 2, we can make a direct comparison between their N H distributions. To estimate N H of all QSO2s in our parent sample, we only have one NuSTAR detected target, so we adopt its ratio of N H to E(B − V ) as fiducial for the sample. As its column density lies close to 3.1 × 10 25 cm −2 , we take 3.1 × 10 25 cm −2 for the estimation and E(B − V ) =13.2 which is derived from SED fitting. Therefore we adopt 2.3 × 10 24 as the value of 'fiducial' gas-to-dust ratio. We then apply this value to 35 targets with known E(B − V ) values derived from our best SED fittings in this work and obtain an estimate of N H of all these targets shown as red columns in Figure 10 . Additionally we compare our N H distribution of QSO2s from X-ray spectral analysis to that of SDSSselected QSO2s in Lansbury et al. (2015) . From the comparison, our sample suggests a larger fraction of heavily obscured quasars at N H > 10 25 cm −2 . As a result, the fraction of quasars that are Compton thick (f CT ) in our parent sample is (45.5±12.1)% with fiducial ratio, while f CT in Lansbury et al. (2015) is (32.5±11.5)% which is ∼ 13% (approximately 1σ) lower than ours. Considering the f CT predicted by nuclear starburst discs model (e.g., Gohil & Ballantyne 2018b) , our distribution with fiducial ratio tends to be closer to the large fraction of the model prediction (f CT around 60% for quasars).
We also consider the gas-to-dust ratio of Small Magellanic Cloud (SMC) as well, since AGNs with cold absorption in X-ray spectra as well as at least two broad lines in optical/IR spectra tend to have a gas-to-dust ratio similar to the SMC (Maiolino et al. 2001 ). In the SMC, the ratio of gas to dust N H /A V is about 2.2 × 10 22 atoms cm −2 mag −1 (Bohlin et al. 1978; Martínez-Sansigre et al. 2007; Burtscher et al. 2016) . We parameterize the ratio of N H /E(B − V ) based on typical reddening curves, i.e. SMC R = A V /E(B − V ) = 2.7, and adopt N H /E(B −V ) of SMC as 6×10 22 cm −2 . We notice that SMC gas-to-dust ratio is about one magnitude lower compared to our 'fiducial' ratio. Therefore if we adopt the SMC ratio instead of the 'fiducial' ratio to estimate the N H distribution of our parent sample, none of our selected sources have N H above 10 25 cm −2 . Since we have confirmed at least four targets have much higher obscuration level, we are underestimateing the Compton thick fraction with SMC dust-to-gas ratio. This indicates that SMC dust-to-gas ratio may not be applicable to quasars with the highest column density, i.e., one possibility is that dust sublimation on small scales in luminous AGNs causes relatively small dust column compared to the column of gas (Elitzur & Netzer 2016) .
Our analysis suggests a large fraction of CT quasars. Although we use the single detected object to determine the column density in the ratio of N H /E(B − V ), this detected X-ray source is the most conservative approach since other three targets might have a much larger column density. This points towards a possibility of an even larger fraction of heavily-obscured quasars and may shed light on the composition of the obscuring material in heavily obscured quasars. Meanwhile, it is also possible that we are indeed underestimating the dust reddening due to the fact that the high column density cannot be simply explained by the screen obscuration. In this case, a lower E(B − V ) which is obtained by our SED fitting methods would lead to a higher observed ratio of gas to dust.
DISCUSSION AND SUMMARY
We report NuSTAR hard X-ray observations of four targets belonging to a large population of 40 heavily obscured quasars selected by WISE based on mid-IR photometry. All the targets are quasars with L bol around 10 45 erg s −1 at z < 0.5. The optical spectroscopy is from SALT and Keck, while the X-rays observations from NuSTAR. Three out of four objects are too faint to be detected in hard X-rays with NuSTAR, while the other one has only a marginal detection. From the upper limit and net counts of our X-ray observations in different bands, we confirm that our objects have ob- Hainline et al. (2014) , assuming for the gas-to-dust ratio the conservative value of N H /E(B − V ) determined for our one NuSTAR-detected source. The cyan histogram shows the distribution for SDSS-selected QSO2s in Lansbury et al. (2015) . With adopting the fiducial ratio, our NuSTAR targets all lie in the range between 25 and 26, and the distribution is skewed toward very high N H . This indicates the potential existence of very heavily-obscured quasars with column densities above 10 25 cm −2 that may not have been identified in previous samples.
served X-ray luminosities at or below ∼ 10 43 erg s −1 . This corresponds to gas column densities at or above 10 25 cm −2 derived from L X and L 6µm , confirming that WISE and optical selection can identify very heavily obscured quasars that may be missed in X-ray surveys. It also suggests the potential existence of many heavilyobscured AGN with column densities over 10 25 cm −2 . The repeated Compton scattering in X-ray band makes it difficult to detect heavily-obscured AGNs (Wilman & Fabian 1999; Ikeda et al. 2009 ). Although a small groups of CT sources have been found with X-ray surveys like XMM-COSMOS survey, yet only a few CT AGN candidates have been found with a large sample of sources (e.g., 67 out of 1855 in Lanzuisi et al. 2018b ). Compared to Optical/mid-IR selection, X-ray selection requires specially designed spectral modeling (Lanzuisi et al. 2018b) and are less efficient. Additionally, due to the limited photon statistics in deep fields, X-ray surveys are likely to miss AGNs with extreme N H like our targets (e.g., Ueda et al. 2014; Burtscher et al. 2016 ).
Considering torus model for AGN structure, the column densities imply more clumpiness of line-of-sight column densities (Dullemond & van Bemmel 2005; Nenkova et al. 2008; Hönig & Kishimoto 2010) . Due to the heavy obscuration, it is difficult to constrain the parameters in the torus model. For example, we are only able to obtain the lower limits of the line-of sight column densities. This restraint may complex the model compositions which are not yet fully understood, including the covering factor and anisotropy of the torus (e.g., Netzer 2015) . Additionally, while a large population of obscured AGNs could increase the total radiation density produced by SMBH in BH synthesis models, the heavily-obscured AGNs contribute little emission due to the extreme high N H (e.g., Martínez-Sansigre & Taylor 2009; Novak 2013) . Given the large obscuration of our targets, the marginal detection and non-detections in the X-ray imply that these powerful AGNs do not contribute to the CXB for BH synthesis models. (Hickox & Alexander 2018) .
Based on the narrow-line reddening of our targets, the extinctions of host galaxies are fairly high in three out of four. One of the target, WISE J130500.31+005422.1, is a late-stage merger with consistent large galactic absorption. Their Balmer decrements indicate substantial reddening in their host galaxies, which suggests the existence of different scales of obscuration in the heavily buried luminous AGNs. The galactic column densities are around 10 23 cm −2 , compared to the nuclear N H over 3.1×10
25 cm −2 of these CT quasars. Although the heavily reddened host environment is still not adequate to explain the obscuration of these AGNs, yet this reasonably high galactic obscuration may suggest a connection between obscuration on different scales as may be associated with blackhole galaxy co-evolution (e.g., Hickox & Alexander 2018 ).
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